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This paper examines the interference cancellation performance in global positioning system (GPS) receivers equipped with dual-
polarized antenna arrays. In dense jamming environment, diﬀerent types of interferers can be mitigated by the dual-polarized
antennas, either acting individually or in conjunction with other receiver antennas. We apply minimum variance distorntionless
response (MVDR) method to a uniform circular dual-polarized antenna array. The MVDR beamformer is constructed for each
satellite. Analysis of the eigenstructures of the covariance matrix and the corresponding weight vector polarization characteristics
are provided. Depending on the number of jammers and jammer polarizations, the array chooses to expend its degrees of freedom
to counter the jammer polarization or/and use phase coherence to form jammer spatial nulls. Results of interference cancellations
demonstrate that applying multiple MVDR beamformers, each for one satellite, has a superior cancellation performance compared
to using only one MVDR beamformer for all satellites in the field of view.
Copyright © 2008 J. Wang and M. G. Amin. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.
1. INTRODUCTION
GPS is a satellite navigation system used in localization,
navigation, tracking, mapping, and timing [1]. At least four
GPS satellites are necessary to compute the accurate positions
in three dimensions and the time oﬀset in the receiver clock.
GPS signals are transmitted using direct sequence spread
spectrum (DSSS) modulation with either coarse/acquisition
(C/A) code on L1 band at 1575.42 MHz or precision (P)
code on L2 band at 1227.6 MHz. Since GPS signals at the
receivers are relatively weak (typically −20 dB below noise),
interference is likely to degrade GPS performance and the
code synchronization process. Several techniques have been
developed to suppress, or at least, mitigate natural and
man-made interferers. These techniques include temporal
processing [2–5], spectral-based processing [6–8], subspace
projection [9–11], and spatial signal processing [12–18].
Combinations of these techniques, such as time-frequency
processing [19] and space-time processing [20–23], provide
superior jammer suppression compared to single antenna
and/or single domain processing.
The two methods of minimum variance distorntionless
response (MVDR) and power inversion (PI) are com-
monly employed for adaptive antenna arrays to achieve
desirable levels of interference cancellation. The MVDR
beamformer cancels the interference without compromising
the desired signals [15]. It adaptively places nulls toward
the interference, while maintaining unit gains toward the
direction of arrivals (DOAs) of the GPS satellites. This
method has high-computation complexity and relies highly
on prior and accurate knowledge of the DOAs of the desired
signals which may be diﬃcult to obtain at the “cold” start.
Furthermore, if a jammer is closely aligned with one of the
GPS satellites, the MVDR will retain both the GPS signal
and the jammer strength, resulting in significant problems in
signal acquisition and tracking. The PI method, on the other
hand, suppresses interference by placing nulls toward high-
power signals [12, 17, 18], hence mitigating jammers without
prior knowledge of DOAs of the GPS signals. However, since
DOAs of the satellites are not taken into considerations when
forming the array response nulls, GPS signals can be subject
to considerable attenuation.
Signal polarization can be eﬀectively utilized to cancel
diﬀerent classes of jammers. A dual-polarized GPS antenna
array aims at suppressing the RHCP, left-hand circular
polarized (LHCP), and linearly polarized jammers, while
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preserving the RHCP GPS signals. It is noted that an LHCP
interference is immediately removed when using RHCP
antennas. Further, a linearly polarized interference can be
easily mitigated when the corresponding antenna weights are
set to zero.
This paper considers an adaptive multiple MVDR
beamforming applied to GPS receivers with dual-polarized
antenna arrays. The spatial nulling and polarization prop-
erties are combined to obtain a superior interference can-
cellation performance for multiple jammers with distinct
polarizations. Unlike single MVDR method, which employs
one set of weights to satisfy unit-gain constraints toward
all satellites, the multiple MVDR beamforming technique
generates multiple beams, each corresponding to one GPS
satellite. This method demonstrates excellent performance
in dense jamming environments, and provides accurate
tracking acquisition, even when a jammer is close to or
aligned in angle with one of the GPS satellites [24]. The
weights of each beamformer can be obtained using the least
mean square (LMS) algorithm or other adaptive gradient
algorithms. In this paper, we consider a GPS receiver
equipped with dual-polarized uniform circular array (UCA),
and use the constraint LMS algorithm to update the 2D
beamformer weight vectors. The LMS algorithm can be
applied in baseband or intermediate frequency (IF), and if
needed, weights can be adjusted using analog adaptive loops
[25].
Analysis of the eigenstructure of the covariance matrix
and the corresponding weight vector polarization charac-
teristics are provided. It is shown that, depending on the
jammer number and polarizations, the array chooses to
expend its degrees of freedom to eﬀectively counter jammer
polarization or/and form spatial nulls.
The paper begins with a description of the dual-polarized
GPS receiver model. The adaptive MVDR algorithm is
discussed, followed by simulations demonstrating its per-
formance in a dense jamming environment. The simulation
results show that the combination of the multiple MVDR
technique and the dual-polarized antenna array improves
the interference mitigation performance, compared with the
single MVDR technique. Conclusions and observations are
summarized at the end of the paper.
2. SYSTEM MODEL
2.1. Polarization concepts
The polarization of an electromagnetic wave is defined as the
orientation of the electric field vector. The wave is composed
of two orthogonal elements, EX , which is received by the
horizontal element of the antenna, and EY , which is received
by the vertical element of the antenna. When the sum of
the electric field vector EX and EY oscillates on a straight
line, the wave is linearly polarized, and when EX and EY
are of equal magnitude and 90 degrees out of phase as the
sum of the electric field rotates around a circumference,
the wave is referred to as circularly polarized. The direction
of the rotation determines the polarization of the wave.
Specifically, if the electric vector rotates counterclockwise, or
the horizontal electric field vector is 90 degrees ahead of the
vertical electric field vector, the wave is RHCP, otherwise, it
is LHCP.
Define the unit vector at the horizontal direction as x̂
and the unit vector at the vertical direction as ŷ. Accordingly,
the signal arrival can be separated into a vertical component
and a horizontal component. The normalized vector for a
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A dual-polarized antenna can be RHCP, LHCP, or linearly
polarized. For a dual-polarized receiver antenna, the hori-
zontal and the vertical antenna elements are allocated sep-
arate weights. The two weights can be organized to enforce
certain polarization properties of individual antennas, or of
the antenna array. For example, if the phase of the horizontal
weight is 90 degrees ahead of that of the vertical weight,
the antenna is RHCP. Similarly, if the phase is 90 degrees
behind that of the vertical weight, the antenna is LHCP. If the
vertical weight is zero, the antenna is horizontally polarized,
whereas if the horizontal weight is zero, it is a vertically
polarized antenna. If we assume zero coupling between the
horizontal and vertical polarized signal components, then
an RHCP antenna will provide the maximum signal power
when receiving an RHCP signal, zero output when receiving
an LHCP signal, and 3 dB attenuated signal when receiving a
linearly polarized signal.
2.2. Block diagram of the GPS receiver
The block diagram of an N dual-polarized antenna array at
the GPS receiver is depicted in Figure 1. At each antenna, two
received signals corresponding to the vertical and horizontal
polarizations are collected. In baseband processing, the
output is the linear combination of the received inphase and
quadrature signals processed by the corresponding complex
weights.
The kth data samples received at the horizontal element
and the vertical element of the ith antenna are denoted as
xiH(k) and xiV (k), respectively. Thus, the 2N-by-1 dual-
polarized data vector x(k) is given by
x(k) = [x1H(k), x1V (k), . . . , xNH(k), xNV (k)
]T
, (5)
















Figure 1: Block diagram of the dual-polarized antenna array
receiver.
where (·)T denotes transpose. Denote the 2N-by-1 complex
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The corresponding antenna array output y(k) at the antenna
array is given by
y(k) = wHx(k), (7)
where (·)H denotes Hermition. Assume N dual-polarized
antennas uniformly distributed on the circumference of a
circle of radius d. Consider D GPS signals incident on the
array from elevation angles θ1, θ2, . . . , θD and azimuth angles
ϕ1,ϕ2, . . . ,ϕD, respectively, and M narrowband interferers
arrive at the array from elevation angles ρ1, ρ2, . . . , ρM
and azimuth angles Φ1,Φ2, . . . ,ΦM , respectively. Assume
the channel is an additive white Gaussian noise (AWGN)
channel, and the GPS signal is a direct line-of-sight signal
with no reflection or diﬀraction components.
Let a D-by-1 vector sD(k) denotes the D complex GPS
signals at the kth sample:
sD(k) =
[
s1(k), s2(k), ..., sD(k)
]T
. (8)
Similarly, theM-by-1 interference vector iM(k) represents the
M complex interferers at the kth sample:
iM(k) =
[
i1(k), i2(k), . . . , iM(k)
]T
. (9)















where a(θi,ϕi) is the 2N-by-1 steering vector of the ith GPS







































In the above equation, a(ρi,φi) is the 2N-by-1 steering vector

























The received signal vector x(k) is the superposition of the
GPS signals, interference, and AWGN noise:
x(k) = AD(θ)sD(k) + AI(θ)iM(k) + n(k), (14)
where the 2N-by-1 vector n(k) represents the AWGN noise
at the 2N antenna elements. The steering vector a(θ,ϕ) at
the UCA for linear-polarized signal from elevation angle θ,
azimuth angle ϕ is expressed as
a(θ,ϕ) = ⌊e jσ cos(ϕ−ϕ1), e jσ cos(ϕ−ϕ2), e jσ cos(ϕ−ϕN )⌋, (15)
where σ = kd sin θ, and the angular position of the nth






, n = 1, 2, . . . ,N. (16)
Here, the wave number k = 2π/λ, where λ represents
the wavelength. Assuming omnidirectional antennas, the










where aiV = − jaiH . It is noted that for a horizontally
polarized interference, aiV = 0 (i = 1, 2, . . . ,N), whereas for
a vertically polarized interference, aiH = 0 (i = 1, 2, . . . ,N),
and for LHCP interference, aiV = ja1H (i = 1, 2, . . . ,N).
3. ADAPTIVE MULTIPLE MVDR TECHNIQUE
3.1. Single MVDR beamformer technique
When minimizing the output power under unit-gain con-
straints toward all satellites, the array weights must satisfy
min
w
wHRw subject to CHw = f , (18)
where the constraint matrix C represents the GPS steering
matrix AD(θ,ϕ), f is a D-by-1 vector of unit values, f =
[1 1 · · · 1]T , and R represents the data spatial covariance
matrix of the received data samples given by
R = E[x(k)xH(k)], (19)
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where T denotes the number of snapshots used in time-
averaging covariance matrix estimation. The optimal weights







3.2. Multiple MVDR beamformer technique
Unlike the receiver shown in Figure 1, where only one set of
weights is used to form a beamformer that satisfies all unit-
gain constraints, the multiple MVDR beamforming tech-
nique generates several weight vectors, each corresponding
to a beamformer toward one GPS satellite. Consequently,
with D GPS satellites considered in the field of view, D
sets of weight vectors are produced, where each set of
weights maintains a unit-gain toward the direction of one
GPS satellite, and places nulls toward all directions of
jammers, irrespective of their temporal characteristics. The
block diagram of multiple MVDR beamformers is shown
in Figure 2. For the ith beamformer, the output power is
minimized under the unit-gain constraint of the ith satellite,
and is expressed as
min
w
wHi Rwi subject to c
H
i wi = 1. (22)
The optimum weight vector for the ith beamformer obtained
from the above constraint minimizing problem is expressed
as






where ci represents the steering vector of the ith GPS signal,
which is a(θi,ϕi) in this case. The array output for the ith
beamformer is given by
yi(k) = wHi optx(k). (24)
It is noted that with multiple MVDR beamforming method,
only one unit-gain constraint is presented. The total number
of degrees of freedom associated with N dual-polarized
antenna array is 2N. Each RHCP jammer requires two
degrees of freedom to be cancelled. Therefore, up to N-1
RHCP jammers can be mitigated from the nulls placed by the
array spatial response. On the other hand, if all the jammers
are LHCP, they can be directly cancelled by the array RHCP
polarization property, that is, when using RHCP antennas.
If the jammers are linearly polarized, up to N-1 linearly
polarized jammers can be cancelled by the array spatial
nulling based on the horizontal element weights. However, if
the number of horizontally or vertically polarized jammers is
more than N-1, the array will employ its dual-polarization
property to set the corresponding weights to zero, and, in
this way, it can cancel all jammers. These array properties
are derived in the appendix. If the polarization characteristics
of the jammers are the combination of the RHCP, LHCP,
and linearly polarized, the array will apply both the spatial
nulling and the polarization property in order to mitigate as
much interference as possible. From the appendix and the












Figure 2: Block diagram of the multiple MVDR technique.
The array utilizes its RHCP polarization property to cancel
a large number, or an infinite number of LHCP jammers.
In addition to such cancellation, up to N-1 jammers with a
combination of RHCP, vertical polarization, and horizontal
polarization can be suppressed by the spatial nulling. (b) Up
to N-1 jammers of a combination of RHCP and horizontal
(vertical) polarization can be cancelled by spatial nulling
along with a large number, or infinite number of vertically
(horizontally) polarized jammers, which are cancelled by
the array polarization property. In this respect, all the
corresponding horizontal or vertical weights of the antenna
array are zero, and half of the RHCP signal power is lost.
Another significant advantage of the multiple MVDR
beamforming technique over other widely used techniques
is that it can achieve regular array patterns upon jammer
cancellation if the DOA of a jammer is close to or aligned
with one of the GPS satellites. In this case, when using a
single MVDR method, the array pattern becomes highly
irregular. In consequence, the jammer that is aligned with
the satellite will not be mitigated. Further, due to irregular
pattern, the GPS receiver becomes vulnerable to newly borne
jammers or on-oﬀ jammers with long duty cycles which
may arrive from directions toward which the array places
high irregular lobes. In comparison, in the multiple MVDR
beamforming method, only the beamformer for which the
satellite is close to the jammer is compromised, but the other
D-1 beamformers remain intact with regular array patterns.
In this respect, with typically more than four GPS satellites in
the field of view, losing one GPS satellite information is not
detrimental to the receiver pseudorange estimate calculations
in signal acquisition and positioning tracking.
3.3. Adaptive implementation of
multiple MVDR beamformer
Data covariance matrix estimation can be avoided if the
weight vectors are calculated adaptively using constraint
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Table 1: Summary of the simulation parameters.
Simulation Total no. of No. of RHCP No. of LHCP No. of vertically polarized No. of horizontally polarized
subsections jammers jammers jammers jammers jammers
4.1 4 4 0 0 0
4.2 8 4 0 2 2
4.3 10 0 0 10 0
4.4 2 2 0 0 0
LMS algorithm based on the received data samples. As
a gradient-descent algorithm, constraint LMS algorithm
iteratively adapts the weights of the antenna array such that
the output power is minimized while the signal power is
maintained at the receiver. The multiple MVDR beamform-




wHi Rwi subject to c
H
i wi = 1. (25)
Denote Fi = ci(cHi ci)−1 and Pi = I−ci(cHi ci)−1cHi . The weight
vector for the ith beamformer can be recursively updated as
[26]












where μ is the adaptation step size, satisfying 0 < μ <
2/3tr(R). Initially, w(0) = F0. The output power of the
antenna array of the ith beamformer is wHi Rwi. Details of the
derivations of (25)-(26) can be found in [26].
4. SIMULATIONS
In this section, we present simulations for various jamming
situations, where diﬀerent number of jammers, diﬀerent
polarization characteristics of narrowband jammers, and
diﬀerent directions of jammers are involved. The array
weight vectors are obtained adaptively using constraint LMS
algorithm. The performances of single MVDR and multiple
MVDR beamformers are presented and compared. Eight
dual-polarized antennas are uniformly distributed in a circle
with the radius of half the wavelength. The range of elevation
angle is from zero to 180 degrees and the range of azimuth
angle is from zero to 360 degrees. Four GPS satellites in the
field of view are incident on the antenna array from elevation
angles of 30, 60, 80, and 120 degrees and azimuth angles of
150, 80, 330, and 220 degrees, respectively, with a signal-
to-noise ratio (SNR) of −20 dB. The number of snapshot
is set to 1000. Table 1 summarizes the values assumed
by the diﬀerent variables in the subsequent simulations.
All jammers are modeled as white noise with the same
bandwidth as the GPS signal.
4.1. RHCP jammers only
In this simulation, four RHCP jammers impinge on the
antenna array from elevation angles of 10, 40, 140, and 170
degrees, and azimuth angles of 100, 300, 40, and 190 degrees
are considered with a jammer-to-noise ratio (JNR) of 20 dB.
These jammers are numbered respectively as jammer 1, 2,
3, 4. The step size of the constraint LMS algorithm is set to
0.00005. Figure 3(a) represents the interference cancellation
performance upon convergence with adaptive single MVDR
beamforming method. Figure 3(b) depicts the performances
of all beamformers of the multiple MVDR beamforming
method. The “∗” indicates the positions of the jammers,
whereas the circles indicate the positions of the satellites. The
corresponding array outputs at the directions of the four
jammers are −15, −8, −7, and −12 dB, respectively, with
single MVDR beamforming method. In comparison, the
array outputs at these jammers’ directions using the adaptive
multiple MVDR beamformers are below −40 dB. It is clear
that the single MVDR beamforming method is not able to
cancel the four jammers, since only up to three jammers can
be cancelled due to the available degrees of freedom. Figure 4
illustrates the cross-correlation of one of the received GPS
signals, after applying beamforming, with the corresponding
receiver local codes. We used one of the 24 GPS satellite
codes. It is clear that the correlation has high peak at zero
point with multiple MVDR beamforming method, while it
is randomly distributed with the single MVDR beamformer
method.
Figure 5 shows the array output powers as a function
of time for each beamformer of the multiple MVDR
beamforming method and single MVDR. For the same step
size parameter value, three multiple MVDR beamformers
clearly converge faster than the single MVDR beamformer.
This is a result of variations in the error surface among
the beamformers. The convergence performance, however,
is generally guided by the dimension of the error surface
and can favor the single MVDR beamforming due to fewer
degrees of freedom.
4.2. Combination of RHCP, vertically polarized, and
horizontally polarized jammers
In addition to the four RHCP jammers discussed in the
previous section, we consider two horizontally polarized
jammers arrive from elevation angles of 20 and 50 degrees
and azimuth angles of 200 and 120 degrees, respectively, with
20 dB JNR, and two vertically polarized jammers arrive from
elevation angles of 100 and 160 degrees and azimuth angles
of 260 and 10 degrees, respectively, with the 20 dB JNR. The
step size remains at 0.00005.
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Array response of the single MVDR beamformer
(a)
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Figure 3: (a) Array response of the single-adaptive MVDR beamformer with four RHCP jammers. (b) Array response of the adaptive
multiple MVDR beamformers with four RHCP jammers.
















Crosscorrelation of the received GPS
signals using single MVDR beamformer
(a)















Crosscorrelation of the received GPS
signals using multiple MVDR beamformer
(b)
Figure 4: Cross-correlation of the received GPS for single and the first beamformer of the multiple MVDR beamformers with four RHCP
jammers.
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Figure 5: Output power of the LMS algorithm at each beamformer.
Figure 6(a) represents the RHCP interference cancel-
lation performance with adaptive multiple MVDR beam-
forming method upon convergence, Figure 6(b) shows the
array performance toward the vertically polarized jammers
for each beamformer of the multiple MVDR beamforming
method, and Figure 6(c) demonstrates the array perfor-
mance for horizontally polarized jammers for each beam-
former. It is evident that the array outputs at the directions
of the jammers for all the three polarizations are below
−40 dB. Figure 7 depicts the cross-correlation function of
the received GPS signals with the local codes for single
and multiple MVDR methods. The received GPS signal and
the local code are assumed to be synchronized, that is,
acquisition is maintained. Only the cross-correlation of the
first beamformer, corresponding to the satellite of (azimuth,
elevation) = (30, 120) degrees, in the multiple MVDR
method, is displayed. It is clear that the single-beamformer
receiver fails to produce a peak at zero lag, whereas in using
multiple MVDR method, the correlation has a clear high
peak.
4.3. Large number of vertically polarized jammers
We consider ten vertically polarized jammers arriving from
elevation angles of 10, 40, 140, 170, 20, 50, 100, 160, 170, and
130 degrees and azimuth angles of 100, 300, 40, 190, 200, 120,
260, 10, 290, and 60 degrees, respectively, with JNRs of 20 dB.
The step size is set to 0.00005. This value is consistent with
the convergence and imposed by the trace of the covariance
matrix.
Figure 8 demonstrates the vertically polarized inter-
ference cancellation performance with adaptive multiple
MVDR beamforming method upon convergence. Since the
number of vertically polarized jammers exceeds the number
of available degrees of freedom, the dual-polarized antenna
array employs the polarization property rather than coherent
array processing to cancel the jammers. The array response at
any direction is less than −40 dB for any vertical signal.
4.4. A RHCP jammer aligned with the direction of
one GPS satellite
This section examines the scenario when two RHCP jammers
arrive from elevation angles of 10 and 80 degrees and
azimuth angles of 100 and 330 degrees, respectively. The
second jammer is from the same direction as one of the
satellites. Figure 9(a) depicts the cancellation performance
of a single MVDR beamformer, where the array outputs at
the two jammers’ directions are −44 and 0 dB. Constraint
minimization requires the single MVDR beamformer to keep
unit-gain at the direction of the satellite, permitting the
GPS signal along with the second interference to be received
with equal sensitivity. Figure 9(b) shows the performance
for each beamformer of the multiple MVDR beamforming
method. The array responses at the two jammers’ directions
for the four beamformers are −45 and −48 dB, −49 and
−62 dB, −53 and 0 dB, −51 and −50 dB, respectively. Based
on the simulation results in Figures 9(a) and 9(b), with the
exception of the beamformer for which the satellite is aligned
in angle with the jammer, all other three beamformers
successfully suppress the interference and provide the correct
position tracking information.
Table 2 shows the reduction of noise and jammer power
as the input data are processed by the beamformer. We
consider beamformers 1 and 2. The table also depicts the BER
using the optimum beam weight vector and based on the
BFSK probability of error expressions with Gaussian noise.
Recall that the jammers used are white noise signals and can
be considered as part of the overall added noise the GPS
signal coming into the receiver correlator. Both BER values
with and without the beamformer are stated. The eﬀect of
the spreading gain (approx., 30 dB) on BER is delineated. It is
clear that the dual-polarized multiple MVDR beamforming
significantly reduces the BER as compared to a single antenna
receiver. This is attributed to the strong nulling performance
of the dual polarize array for each jammer. Only for the
beamformer in which the jammer is very close to or shares
the angular position with one of the GPS in the field of view,
the BER performance is compromised.
5. CONCLUSIONS
This paper analyzed the interference cancellation perfor-
mance at the GPS receiver using uniform circular dual-
polarized antenna array. The adaptive multiple MVDR
beamforming method was employed to recursively update
the weigh vector associated with each satellite. One advantage
of using dual-polarized antenna array at the receiver is its
ability to handle diﬀerent polarization characteristics of the
interference. Any LHCP jammer or a large number of linearly
polarized jammers can be cancelled by the polarization
property of the dual-polarized antenna. The adaptive mul-
tiple MVDR beamforming method has additional degrees
of freedom compared with the single MVDR beamforming
8 EURASIP Journal on Advances in Signal Processing
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Figure 6: (a) Array response of the adaptive multiple MVDR beamformers with four RHCP jammers. (b) Array response of the adaptive
multiple MVDR beamformers with two vertically polarized jammers. (c) Array response of the adaptive multiple MVDR beamformers with
two horizontally polarized jammers.















Crosscorrelation of the received GPS
signals using single MVDR beamformer
(a)















Crosscorrelation of the received GPS
signals using multiple MVDR beamformer
(b)
Figure 7: Cross-correlation of the received GPS for single and the first beamformer of the multiple MVDR beamformers with four RHCP
jammers.
method. The combination of the polarization and excess
degrees of freedom renders jammer cancellation more
eﬀective. Specifically, one clear advantage of the multiple
MVDR beamforming approach is that it sustains the nulling
performance of the receiver array when jammers are close
to or align in angle to GPS satellites. This situation is very
challenging to the single MVDR beamforming approach and
will cause loss of acquisition for all satellites in the field of
view. When the polarization property is used to cancel a
large number of LHCP, vertically polarized or horizontally
polarized jammers, up to N-1 jammers with the combination
of other polarization characteristics, can be eliminated with
the adaptive array processing.
This paper also examined the situation when the jammer
is aligned in angle with or close to one GPS satellite. Only
the beamformer that is associated with the direction of the
jammer fails to cancel the interference and provides irregular
array pattern. As more than four satellites are typically found
10 EURASIP Journal on Advances in Signal Processing
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Figure 8: Array response of the adaptive multiple MVDR beamformers with ten vertically polarized jammers.
Table 2: Jammer cancellation data and BER for beamfomers 1and 2.
Simulation subsections 4.1 4.2 4.3 4.4
Beamformer 1 1 1 1
3 (align with
jammer)
Input JSR 40 dB 40 dB 40 dB 40 dB 40 dB
Total number of jammers 4 8 10 2 2
Output JSR(dB)
−23,−22,−15, −37,−28,−15,
−37,−13,−27, −38,−22,−25, −21,−31,−37, −31, −21 7, 37
−13 −18,−32 −15,−52,−20,
−26
Output SNR −8 dB −11 dB −11 dB −9 dB −21 dB
Output SINR −8 dB −11 dB −11 dB −9 dB −37 dB
BER 0.2867 0.3451 0.3451 0.3079 0.4920
BER considering spreading gain 3e−071 1e−036 1e−036 5e−057 0.2638
BER without beamformer 0.4944 0.4944 0.4944 0.4944 0.4944
Beamformer 2 2 2 2
Input JSR 40 dB 40 dB 40 dB 40 dB




−14,−42 −35,−35, −22,−16, −15, −39
−20,−7 −24,−15,
−25,−11
Output SNR −14 dB −17 dB −11 dB −10 dB
Output SINR −14 dB −17 dB −11 dB −10 dB
BER 0.3889 0.4208 0.3451 0.3274
BER considering spreading gain 2.3e−19 1.3e−10 1e−36 1e−45
BER without beamformer 0.4944 0.4944 0.4944 0.4944
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Array response of the single MVDR beamformer
(a)
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Figure 9: (a) Array response of the adaptive single MVDR beamformers with two RHPC jammers where one is aligned with one of the GPS
satellites. (b) Array response of the adaptive multiple MVDR beamformers with two RHPC jammers where one is aligned with one of the
GPS satellites.
in the filed of view of a GPS receiver, the compromise is not
detrimental to the receiver pseudorange estimate calculations
in signal acquisition and positioning tracking.
APPENDIX
The covariance matrix R in (19) can be written as


























where PSi represents the signal power from the ith satellite, PIi
represents the power of the ith interferer, and σ2n represents
the noise power. It is noted that the first term in (A.1) is
negligible due to the low power of the GPS signals. Therefore,













+ σ2nI = P + σ2nI. (A.2)
If the jammers are vertically polarized, the steering vector
a(ρi,φi) is characterized by aiH = 0 (i = 1, 2, . . . ,N), and
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thus, the matrix P has zero values at all elements in the odd
















σ2n 0 0 0 0 · · · 0 0
0 p22+σ2n 0 p24 0 · · · 0 p2,2N
0 0 σ2n 0 0 · · · 0 0
0 p42 0 p44+σ2n 0 · · · 0 p4,2N
0 0 0 0 σ2n · · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · σ2n 0

















where pi j denotes the element at row i, column j in the matrix
















A 0 0 0 0 · · · 0 0
0 B + A 0 p24 0 · · · 0 p2,2N
0 0 A 0 0 · · · 0 0
0 C 0 F + A 0 · · · 0 p4,2N
0 0 0 0 A · · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · A 0

















where A denotes σ2n − λ, B denotes p22, C denotes p42 , D
denotes p2N ,2 , E denotes p2N ,2N , and F denotes p44.











p22+σ2n − λ p24 · · · p2,2N
p42 p44+σ2n − λ · · · p4,2N
· · · · · · · · · · · ·








It is easy to see that at least N eigenvalues are equal to the















0 0 0 0 0 · · · 0 0
0 p22 0 p24 0 · · · 0 p2,2N
0 0 0 0 0 · · · 0 0
0 p42 0 p44 0 · · · 0 p4,2N
0 0 0 0 0 · · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 0 · · · 0 0






































p22 p24 · · · p2,2N
p42 p44 · · · p4,2N
· · · · · · · · · · · ·







and e˜ = [e2 e4 · · · e2N ]T , (A.6) can be written as
˜Pe˜ = 0. (A.8)
Obviously, if the number of vertically polarized jammers
is smaller than N, the rank of the matrix ˜P becomes
M. Otherwise, the matrix ˜P has full rank N, and e˜ =
0. Accordingly, the eigenvector e2, e4, . . . , e2N = 0, which
means that these eigenvectors are horizontally polarized. The
eigendecomposition of the data covariance matrix is
R = EΛEH , (A.9)
where Λ is the diagonal eigenvalue matrix, Λ =
diag {σ21 · · · σ2Mσ2n · · · σ2n}, and E is the corresponding
eigenvector matrix. In the above equation, σ2i (i = 1,
2, . . . ,M) represents the ith significant eigenvalue and σ2n
represents the noise eigenvalue. The eigendecomposition of
the inverse of the data covariance matrix is expressed as












e jeHj , (A.10)
where 1/σ2i  1/σ2n . It is obvious that if the number of
vertically polarized jammers is greater than N, the noise
eigenvectors are horizontally polarized, and thus, the weights
obtained by (22) will be horizontally polarized. This implies
that the array vertical polarization weights are zeros.
In the case that the jammers are the combination of
RHCP and vertically polarized, for example, M1 RHCP
jammers and M2 vertically polarized jammers, the data









PI ja(ρj ,ϕj)aH(ρj ,ϕj) + σ2nI
= P1 + P2 + σ2nI,
(A.11)
where P2 has the same structure as P in (A.2). When M1 and
M2 are smaller than N, since the steering vectors involved
in constructing P1 and P2 are linearly independent, P1 is a
matrix of rank M1, whereas the second matrix P2 has the
rank M2. However, if M2 is larger than N, the rank of P2 is N,
producing the rank of P1+P2 to be M1+ N. Therefore,N−M1
eigenvalues of the matrix R are the noise eigenvalues, and
their corresponding eigenvectors are horizontally polarized,
as we stated before. Taking the eigendecomposition of the
inverse of R, (A.10) then will be the linear combination
of those noise eigenvectors, leading to the corresponding
vertical weight elements to be of zero values.
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